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N
onlinearity and dispersion are often 
nuisances that microwave engineers 
seek to curb. However, there is a sys-
tem that can harmonize these two ef-
fects to produce useful—and fascinat-

ing—dynamics with unique microwave engineering 
opportunities: the nonlinear transmission line (NLTL) 
[1]–[11]. The NLTL is a ladder network of lumped in-
ductors and varactors [Figure 1(a)] that can be alterna-
tively built by periodically loading a smooth transmis-
sion line with lumped varactors [Figure 1(b)].

The NLTL is a nonlinear dispersive medium. On 
one hand, it exhibits nonlinearity due to the varac-
tors, which are typically realized as reverse-biased p-n 
junctions or Schottky diodes; their voltage-dependent 
capacitance is responsible for the nonlinearity. On the 
other hand, the NLTL is dispersive due to its struc-
tural periodicity. This periodicity makes the NLTL a 
low-pass filter with a cutoff frequency near which the 
NLTL becomes increasingly dispersive. The star of the 
harmony between nonlinearity and dispersion is the 

soliton [12]–[14], a bell-shaped traveling voltage pulse 
[Figure 1(c)], where nonlinearity and dispersion exactly 
counteract each other. Due to this balancing act, the 
soliton neither spreads (no dispersion) nor steepens 
to form a shock wavefront (no nonlinearity). It propa-
gates down the line, preserving its shape, at least in the 
absence of loss.

A Brief History of the Physics of Solitons
The soliton is a phenomenon observed broadly in 
nature beyond the electrical domain, with hydrody-
namic solitons on the surface of shallow water being 
a prominent example [13], [14]. From our experience, 
it is easy to see that water can be a nonlinear disper-
sive medium. On one hand, a stone thrown in water 
may initially create a pulse, which would then spread 
because different frequency components of the initial 
pulse travel at different speeds (dispersion). On the 
other hand, an ocean wave gently rolling in from a dis-
tance can crest and crash on the shore; this breaking on 
the shore occurs because the speed difference between 
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the faster top and slower bottom portions of the wave 
becomes increasingly pronounced as the water depth 
is reduced on the shore (nonlinearity). Therefore, the 
shallow water is a medium in which nonlinearity and 
dispersion manifest together and can support hydro-
dynamic soliton propagation, just as the NLTL is a 
nonlinear dispersive medium that supports electrical 
(voltage) soliton propagation.

The soliton was, in fact, first discovered in hydro-
dynamic form in 1834, as John Scott Russell watched a 
barge being towed in the Edinburgh–Glasgow Canal 
[15]. The tow cable snapped, and the prow dropped, 
which created a heap of water to propagate down the 
canal. Russell, on horseback, followed this “solitary” 
wave for several kilometers, noticing that the water 
pulse did not spread. This lack of dispersion was due to 
the counteracting effect of nonlinearity, but the under-
lying mechanism would not be understood until much 
later. For example, it was more than 40 years later (in 
1877) that Boussinesq introduced a partial differential 
equation to describe the wave dynamics in the nonlin-
ear dispersive medium, and in 1895 Korteweg and de 
Vries rediscovered this partial differential equation, 
which is now celebrated as the Korteweg–de Vries 
(KdV) equation bearing their names [16]. It is typically 
written in the following simplified form:

	 / / / ,u t u u x u x6 03 32 2 2 2 2 2+ + = � (1)

where u is the wave amplitude and t and x are the time 
and position variables of the wave. Physical parame-
ters, such as density, gravity, and tension relevant for 
the water wave dynamics, are not show in (1), because 

u, t, and x here are made all dimensionless after absorb-
ing the physical parameters through rescaling. The 
KdV equation was then found to admit, as its particu-
lar solution, the following bell-shaped traveling mono-
pulse [13], [14]:

	 ( , ) h / ,secu x t A A x At2 22 2
1

= -^ ^h h8 B � (2)

where A is an arbitrary parameter. For a given value 
of A, this traveling pulse has a fixed shape with the 
time-independent amplitude (A), width (3  (2/A)½), and 
velocity (2A) [1], and it neither sharpens nor spreads 
with time. A is the parameter that defines a given 
pulse, determining its amplitude, width, and veloc-
ity. One can also see that a taller pulse is narrower and 
travels faster. This monopulse solution modeled well 
the solitary wave Russell observed.

This solitary wave did not come to be called the 
soliton until the seminal work by Zabusky and Krus-
kal in 1965 [17]. In their numerical simulation of an 
initial-condition problem for the KdV equation, they 
observed that an initially nonsolitary wave profile 
(e.g., sinusoid) on a nonlinear dispersive medium 
evolves into multiple solitary pulses. Furthermore, 
these solitary pulses act like particles, in the sense that 
they remarkably maintain their identities even after 
they pass through one another with strong nonlin-
ear interactions. It was this particle-like behavior that 
led Zabusky and Kruskal to coin the name soliton for 
the solitary pulse. In 1967 and 1968, Gardner, Greene, 
Kruskal, and Miura at Princeton University applied an 
analytical framework known as the inverse scattering 
method to the initial-condition KdV problem of how 
an arbitrary wave launched onto a nonlinear disper-
sive medium evolves into multiple solitons [18], [19]. 
Their study unveiled the fundamental mathematical 
structure underlying the KdV dynamics. The inverse 
scattering method, subsequently generalized by Lax 
in 1968 [20], was a landmark development in 20th-cen-
tury mathematical physics.

Wave Dynamics on the  
Nonlinear Dispersive Medium
A transmission line consisting of two (or more) metals 
smoothly running in parallel is a good approximation 
of a linear, nondispersive medium. It is linear unless 
the signal is so excessively large as to provoke the weak 
nonlinearity of the dielectric material between the two 
metals. It is nondispersive, at least from the structural 
point of view, in that it has no lumped periodicity 
like the NLTL. An input wave of an arbitrary shape 
launched onto this linear, nondispersive line maintains 
its shape in the course of propagation. The input wave 
can be decomposed into sinusoidal components. Each 

Soliton

(a)

(b)

(c)

Figure 1. (a) The NLTL consists of lumped inductors 
and varactors. (b) The NLTL can be alternatively built by 
periodically loading a smooth transmission line with lumped 
varactors. (c) A soliton pulse propagates down the NLTL, 
preserving its shape.
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sinusoid, labeled by a frequency, keeps its amplitude 
constant as the wave travels—that is, each component 
sinusoid is preserved, so the spectrum of the wave 
remains the same. Figure 2 shows a simulated example 
of the time evolution of a linear, nondispersive wave 
consisting of three component sinusoids.

We now consider a simulated wave propagation on 
an NLTL [Figure 3(a)], where a nonsoliton wave [red 
waveform, which does not conform to (2)] is launched 
onto the NLTL. Because the nonlinearity and dispersion 
of the NLTL are not balanced for this initial nonsoliton 
wave, it will change shape while traveling. The blue 
waveform in Figure 3(a) is a snapshot of the wave after 
propagating down the NLTL for a short time: the shape 
change from the initial red waveform is evident. In the 
frequency domain, the spectral makeup of the wave 
correspondingly changes, with amplitudes of exist-
ing frequency components being altered and new fre-
quency components being created. Specifically, the blue 
waveform contains a faster rise and a faster fall than 
the red waveform, corresponding to the generation of 
higher-frequency components, which is explicitly seen 
in the frequency domain [Figure 3(b)]. In summary, the 
component sinusoids of a nonsoliton input to the NLTL 
are not preserved with time. This change in the fre-
quency components is one key application of the NLTL 
in microwave systems, because a low-frequency non-
soliton input signal launched onto the NLTL can create 
higher-frequency spectral contents.

However, the nonsoliton wave that changes its 
waveform traveling down the NLTL still has preserved 
components. The three pulses contained in the blue 
waveform of Figure 3(a) are three solitons, each fol-
lowing the form of (2) with its respective value for the 
parameter A. That is, the shape change during the wave 
propagation is the process by which the nonsoliton 
input breaks into its component solitons. All individ-
ual component solitons nested in the initial nonsoliton 

waveform eventually emerge over time, with a taller 
soliton traveling faster than a shorter soliton. It is these 
component solitons that are preserved throughout time 
despite the overall waveform change [13], [14], [18]–[20].

Each component soliton of the nonlinear dispersive 
wave is labeled by a time-independent characteristic 
number, or a time-independent eigenvalue [Figure 3(c)], 
just as each component sinusoid of a linear wave is identi-
fied by a frequency. The eigenvalue labeling a particular 
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Figure 3. Simulated dynamics on a nonlinear, dispersive 
medium using (1). (a) The spatial waveform u(x) is shown 
at two time instances. From an initial nonsoliton input 
(red waveform), three component solitons (blue waveform) 
break out. (b) The Fourier transform of u(x) at the two time 
instances with the horizontal axis being proportional to the 
wave number kx. The spectral contents change with time. (c) 
The three eigenvalues tagging the three component solitons 
remain constant with time. 
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Figure 2. (a) Simulated signal propagation on a linear, nondispersive medium. The spatial waveform u(x) at five different time 
instants is shown. (b) The Fourier transform of u(x) at the five different time instants. Here, the horizontal axis is proportional 
to the wave number kx. All component sinusoids are preserved. FFT: fast Fourier transform. 



126	  		  	 April 2019

soliton is another representation of the parameter A in 
(2) that defines that particular soliton. Owing to the con-
stant eigenvalue or the constancy of the related value of A, 
each component soliton of the nonlinear dispersive wave 
maintains its shape, just as each component sinusoid of 
the linear wave maintains its amplitude. An arbitrary 
nonsoliton input wave launched onto the NLTL separates 
out into a sequence of component solitons of monotoni-
cally decreasing amplitudes and velocities, and, at any 
time during this overall waveform–changing process, 
each individual component soliton preserves its shape 
and identity, labeled by its time-independent eigen-
value [Figure 3(c)].

How do we obtain these time-independent eigenval-
ues by which to identify individual component solitons? 
To explain this fully, we must tell story of the inverse 
scattering method, for which we refer the interested 
reader to well-known texts, such as [13] and [14], or to 
original works, such as [18]–[20]. The crux of the story 
is that the set of time-independent eigenvalues is deter-
mined by the input wave launched onto the nonlinear 
dispersive medium, and the inverse scattering method 
will calculate all of the time-independent eigenvalues 
for the given input waveform, thus predicting how 
many and what shapes of (determined by the param-
eter A) solitons will emerge. Because the eigenvalues are 
time independent, their corresponding soliton compo-
nents maintain their identities.

Figure 3(a) shows the bell-shaped nonsoliton input 
breaking into three component solitons. Figure 4(a) 
illustrates a square-shaped nonsoliton input breaking 
into three component solitons, with the extra energy that 
cannot be captured by the three solitons being shed as a 
dispersive tail (ringing). If a nonsoliton input wave is close 
enough to a soliton solution of the medium, it will evolve 
into that single soliton, while shedding extra energy as a 
dispersive tail [Figure 4(b)].

Soliton Collisions
Let a tall soliton initially propagate behind a short soli-
ton along the same direction. As the tall soliton moves 
faster than the short soliton, the former will catch up 
with the latter (Figures 5 and 6). What happens when 
the two solitons meet? First, they distort in shape: this 
is not a linear superposition, but a nonlinear distor-
tion with a strong interaction between the two solitons 
(Figures 5 and 6). In general, the merged amplitude is 
different from the linear sum of the amplitudes of the 
two solitons. Surprisingly, however, after this strong 
interaction, the two solitons reemerge with their origi-
nal shapes intact and part ways, with the tall soliton 
now racing ahead of the short soliton (Figures 5 and 
6). Therefore, the solitons act like particles: they smack 
into each other to distort their shapes, but then they 
recover their original shapes and continue on their 
way. In this sense, the encounter between the two soli-
tons may be thought of as a collision.

During these collision dynamics, the overall wave-
form subsuming both solitons continues to be altered, 
because the intersoliton distance keeps changing and 
the two solitons distort during collision. The KdV 
equation governs this overall waveform change; at the 
same time, the KdV equation, via the inverse scatter-
ing method, yields two time-independent eigenvalues 
that label the tall and short solitons at any time instant 
(Figure 5). This identifiability of the individual solitons 
by the eigenvalues is consistent with the particle point 
of view.

Although the two solitons survive the collision, 
reemerging intact and in shape afterwards, the col-
lision leaves a permanent mark through a time shift. 
That is, after the collision, each soliton acquires a per-
manent time shift. In the example shown in Figure 6, 
the tall and short solitons experience retardation and 
expedition in speed during the collision so that, after 
the collision, the tall and short solitons appear delayed 
and advanced, respectively, compared with the case of 
no collision.

Applications of the NLTL  
and Electrical Solitons
The NLTL was first introduced by Rolf Landauer at IBM 
in the 1960s for parametric amplification [2], but it was 

Time Elapse

Time Elapse

(a)

(b)

Figure 4. A hypothetical illustration of (a) a square pulse 
breaking into three solitons and (b) a pulse close to a 
soliton solution evolving into that single soliton, both on a 
nonlinear dispersive medium.

Russell, on horseback, followed this 
“solitary” wave for several kilometers, 
noticing that the water pulse did  
not spread.



April 2019		  	 127

later realized that the nonlinear dispersive dynamics 
in the NLTL can be modeled using the KdV equation. 
The NLTL has since served not only as an easily acces-
sible test bed for experimenting with a variety of KdV 
dynamics but also as a practical device in the forefront 
of ultrafast electronics applications, especially in high-
speed measurement and high-frequency generation.

For example, the NLTL has enabled 100-GHz sam-
pling in oscilloscopes [21]; NLTLs have been used to 
enable a bandwidth of 110 GHz in a vector network 
analyzer [22]; and harmonic 
generation is also enabled 
by NLTLs, with companies 
of fer i ng  comb f reque nc y 
generators [23], [24]. We will 
provide an overview of a few 
select cutting-edge applica-
tions of the electrical solitons 
and the NLTL.

Edge Sharpening
Consider an NLTL with a total 
physical length of l, consisting 
of N lumped inductor-varactor 
sections with each individual 
inductance being L and each 
varactor capacitance being 
C(V ); here, V  signif ies the 
reverse-bias voltage applied to 
the varactor, which is the line 
voltage where the varactor con-
nects. For the reverse-biased 
p-n junction or Schottky diode, 
which is a typical choice for the 
varactor, C(V) is lowered with 
an increasing V. From the the-
ory of the linear discrete trans-
mission line, we can readily 

state that the velocity of a small-signal wave modulated 
around a voltage V is given by (l/N) × [LC(V)]−½

, well 
below the cutoff frequency.

Calculating the velocity of the large-signal soliton in 
terms of the circuit parameters is a much more involved 
process, entailing the solution of the full KdV equation, 
but the small-signal model can provide a valuable, albeit 
approximate, insight into the large-signal dynamics. In 
particular, the nonlinear velocity formula predicts that, 
if a slowly falling edge is launched onto the NLTL, the 
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Figure 5. When two solitons collide on a nonlinear, dispersive medium, the spectral content of the overall wave subsuming 
both solitons continues to change, but the two soliton eigenvalues are conserved. This is consistent with the particle point of 
view for the solitons.
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top of the edge with a larger V, and thus a smaller C(V), 
will travel faster than the bottom [Figure 7(a)]––just like 
a breaking wave on the shore in the ocean––thus sharp-
ening the edge. This reduces the fall time of the edge, 
adding higher-frequency components to the signal.

This edge sharpening stops when the spectral con-
tents of the falling edge are increased toward the cut-
off frequency of the NLTL. Here, there are two cutoff 
frequencies to consider. We have already mentioned 
the one that arises from the low-pass filter nature of 
the NLTL with its structural periodicity: formally, this 
intrinsic cutoff frequency is called the Bragg frequency 

and is given by wBragg = 2[LC(V)]–½. The expression here 
has the voltage dependency due to the nonlinearity, 
from which we can estimate the range of cutoff frequen-
cies for a given C(V) profile. The expression also indi-
cates that a smaller inductor and/or a smaller varactor 
would increase wBragg. The other cutoff frequency arises 
from the dissipation in the NLTL. If we assume that the 
skin effect of each line inductor is the main source of 
loss, the inductor L of each section of the NLTL would 
be accompanied by a series resistance R, and the corre-
sponding loss-based cutoff frequency would be the RC 
filter bandwidth, /( ).w RC1RC +  

If wRC is much larger than 
wBragg (weak loss regime), the 
nonlinear edge sharpening 
will be checked by the NLTL’s 
dispersion effect, but this can 
create solitons and ringing [Fig-
ure 7(b), left]. In contrast, if wRC 
becomes comparable to wBragg 

(strong loss regime), loss be-
comes important in checking 
the nonlinear edge sharpening 
[Figure 7(b), right]. In this case, 
the edge simply stops getting 
sharper without generating 
solitons and ringing. By in-
creasing both wRC and wBragg to-
gether in the strong loss regime, 
one then would be able to form 
sharper and sharper edges. In 
1994, van der Weide realized an 
integrated NLTL in gallium ar-
senide (GaAs) technology, with 
reverse-biased Schottky diodes 
serving as varactors, and ex-
ploited the NLTL’s edge-sharp-
ening ability to achieve a record 
430-fs falling edge [6]. NLTL 
edge sharpening has been lev-
eraged in commercial products, 
such as a 110-GHz vector net-
work analyzer [22].

Ultrafast Pulse 
Generation
The formation of solitons on 
the NLTL from a nonsoliton in-
put, which occurs in the weak 
loss regime (wBragg « wRC), can 
be exploited to generate a fast 
pulse. Figures 3 and 4 show 
that the NLTL can convert a 
nonsoliton input pulse into one 
or more solitons, with some, if 
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Figure 7. (a) Edge sharpening using the NLTL, with (b) the simulation performed with 
a circuit simulator. (c) Ultrafast pulse generation with a tapered NLTL, with (d) the 
simulation performed with a circuit simulator. (e) Simulated harmonic generation.
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not all, of these solitons being sharper than the initial 
input pulse. Of these, the tallest soliton is sharpest. In 
general, the key to generating a sharp pulse is to choose 
an input waveform that nests a tall, narrow soliton com-
ponent and then to let it propagate on the NLTL. The tall 
(thus fast) soliton component will then emerge first from 
the initial waveform.

The win from the frequency-domain point of view 
is that the emergent tall, sharp soliton has higher 
spectral contents than the initial waveform. In fact, 
this tall, sharp soliton output will form close to the 
NLTL’s intrinsic cutoff frequency, wBragg, where the 
dispersion is most pronounced, to effectively coun-
teract the nonlinearity. The higher the wBragg, the 
sharper/taller the soliton will be. Therefore, a trick 
to further sharpen the soliton is to gradually taper 
down the NLTL by reducing L and C together and so 
gradually increase wBragg, while keeping the ratio of 
L to C constant so that the characteristic impedance 
of the NLTL remains constant. (Because C is volt-
age dependent, the previous statement is somewhat 
limited in terms of accuracy but overall is valid and 
captures the essential dynamics.) Such tapering will 
allow an increasingly sharper and taller soliton along 
the NLTL [Figure 7(c)]. 

Another way to understand this tapering is by con-
sidering the soliton that forms at the beginning of the 
NLTL as the low-frequency input to the next stage, 
which has a higher wBragg. This will pull out the tall 
soliton component associated with that higher wBragg, 
which will then be an input to the next stage with an 
even higher wBragg. (This sharpening process repeats 
itself along the tapered NLTL). This tapering strategy 
was used to create a fast pulse with only a 5-ps duration 
[9], which was then harnessed to construct a 500-GHz 
sampling system [4] for research and a 100-GHz com-
mercial oscilloscope [21]. The NLTL tapering strategy 
has achieved pulse compression by a factor of 7 [11]. Fig-
ure 7(d) shows two different tapering scenarios––linear 
and exponential––for creating sharp pulses.

Broadband Harmonic Generation
The frequency conversion by the NLTL discussed in 
the preceding two sections is a nonlinear process. This 
nonlinear frequency conversion can also be leveraged 
to generate higher harmonics. Several commercial 
comb frequency generators have been developed based 
on this concept [23], [24]. The devices use an NLTL to 
convert a low-frequency sinusoid into a waveform with 
significant harmonics. The design of the NLTL for this 
application must satisfy the weak loss regime condi-
tion, wBragg « wRC. Although harmonic generators using 
nonlinear elements are common, they often require 
narrowband filters. The NLTL provides a wideband-
width frequency converter with very good conversion 

efficiency. Figure 7(e) shows a conversion efficiency of 
64% from the first to second harmonics.

The Soliton Oscillator
The soliton pulse generation discussed in “Ultrafast 
Pulse Generation” section uses the NLTL as a two-
port system, where an input waveform is required to 
generate the soliton pulse output. One meaningful 
departure from this approach would be to construct 
a one-port autonomous soliton oscillator by combin-
ing the NLTL with an amplifier in a positive feedback 
loop. Such a circuit would self-start from ambient noise 
and self-sustain its steady-state oscillation to produce a 
train of periodic solitons, requiring no high-frequency 
input to drive the system.

In 2006, Ricketts, Li, and Ham introduced such a 
self-sustained soliton oscillator by arranging an NLTL 
and a noninverting amplifier in a circular loop [Figure 
8(a)] [25], [26]. The amplifier enables the initial start-up by 
amplifying ambient noise, and it compensates for sys-
tem loss in the steady state, as is commonly done in 
sinusoidal oscillators [27]. The challenge, however, is 
that the continued amplification of random noise can 
generate many solitons with different amplitudes 
which will circulate in the loop at different speeds, 
colliding with one another. Each collision event intro-
duces both momentary amplitude modulation and 
permanent time shift or phase modulation. To make 
matters worse, the amplifier can significantly distort 
a soliton (e.g., clipping of the soliton top), hence send-
ing out the significantly nonsoliton pulse back onto the 
NLTL, which then can generate even more solitons 
of differing amplitudes [e.g., Figure 4(a)], thus causing 
more collisions and, hence, more amplitude and phase 
modulations. Consequently, although the circuit may 
be able to self-sustain an oscillation, the oscillating sig-
nal can become highly unstable, with varying ampli-
tudes and unruly pulse repetition rates.

The solution offered by Ricketts et al. [25], [26] to 
address this instability is an adaptive amplifier that 
automatically lowers its bias point on the input-out-
put transfer curve as the soliton oscillation grows 
[Figures 8(b)–(d)]. At the very beginning of the oscil-
lation start-up, the amplifier bias is set in the middle 
of the transfer curve, where the tangential slope is 
sufficiently large so that small noise can be ampli-
fied. As the signal circulating in the loop grows into 

In general, the key to generating a 
sharp pulse is to choose an input 
waveform that nests a tall, narrow 
soliton component and then to let it 
propagate on the NLTL.
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taller pulses through this amplification, the amplifier 
pushes down its bias point into the attenuation por-
tion of the transfer curve. With this lowered bias, small 
signals are now attenuated, and the higher portions of 
tall pulses are still amplified. This threshold-depen-
dent gain-attenuation mechanism boosts the main tall 
solitons while suppressing small perturbing solitons 
created from ambient noise and distortion. Also, with  

the lowered bias, the amplifier output is kept out 
of clipping, so the distortion itself is reduced. In this 
way, the circuit removes solitons of smaller ampli-
tudes that could otherwise collide with the main 
tall solitons and cause signal instabilities. Finally, as 
the main tall solitons continue to grow, the ampli-
fier bias is driven deep into the attenuation region, 
and, thus, the overall gain experienced by the main 
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tall solitons is gradually reduced to a point that just 
balances the loss in the system, thus reaching steady-
state oscillation. With this threshold-dependent gain 
attenuation, stability is ensured, and the oscillator 
robustly generates a periodic train of solitons with 
uniform amplitude.

After this general concept of the soliton oscillator 
was demonstrated with circular topology [25], [26], 
Yildirim, Ricketts, and Ham developed a reflection soli-
ton oscillator topology in 2009 [28] (Figure 9). Here, the 
signal does not circulate in a loop but races back and 
forth on an NLTL with reflective terminations at both 
ends. Specifically, the oscillator consists of an NLTL, 
with one end open and the other end terminated with 
a one-port amplifier [Figure 9(a)]. In the steady state, 
a self-generated soliton travels back and forth on the 
NLTL (reflected at both ends of the NLTL). In the steady 
state, the one-port amplifier [Figure 9(b)] produces a 
negative output resistance for voltages beyond a par-
ticular threshold and a positive output resistance for 
voltages below the threshold. Thus, the reflection from 
the one-port amplifier provides gain for the main upper 
portion of the pulse to compensate for loss while atten-
uating small perturbations to ensure oscillation stabil-
ity, just like in the circular topology case.

Because such level-dependent gain attenuation to 
suppress small signals cannot be used during the initial 
start-up (which must amplify small ambient noise), the 
one-port amplifier is also designed to realize an adap-
tive bias control [Figure 9(b)], as in the case of the circu-
lar topology circuit. This reflection soliton oscillator is a 
simpler build than the circular soliton oscillator, requir-
ing only half the NLTL length to achieve the same pulse 
repetition rate. It is also free from the rather complex 
impedance-matching issue of the circular topology.

In terms of optimizing the phase noise perfor-
mance, the soliton oscillator features two conflicting 
traits [29]. On one hand, the short duration of each soli-
ton pulse reduces the time to interact with noise, thus 
tending to lower the phase noise. On the other hand, 
the amplitude-dependent speed of the soliton readily 
converts amplitude noise to phase noise, thus tending 
to increase the phase noise. Therefore, for overall phase 
noise optimization, this design tradeoff must be con-
sidered carefully.

The Chaotic Soliton Oscillator  
and Its Applications
The main design focus of the soliton oscillators [25], 
[26], [28] discussed in the preceding section was that 
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the amplifier exhibits the level-dependent gain-atten-
uation mechanism. This allowed small perturbations 
to be suppressed while the main tall solitons were sus-
tained against system loss, thereby preventing soliton 
collisions and stabilizing the signal dynamics into a 
robust periodic train of solitons [Figure 10(a)]. We can 

do exactly the opposite as well: if we design the ampli-
fier to offer full gain at all signal levels, small perturba-
tions, such as noise and dispersive tails, will grow out 
to form parasitic solitons of varying amplitudes, and 
these will keep colliding with one another as well as 
with the tall main solitons on the NLTL, continuing to 
cause amplitude and phase modulations, thus leading 
to chaos [Figure 10(b)].

In 2014, Yildirim and Ham experimentally dem-
onstrated such a chaotic soliton oscillator that works 
by promoting soliton collisions [30] [Figure 10(c)]. In 
this circuit, by lowering the value of the resistance 
Re, the amplifier characteristic can be transitioned 
from level-dependent gain to full gain: in the former 
setting, soliton collisions are suppressed, yielding a 
stable soliton oscillation with the phase-space trajec-
tory tracing a clear limit cycle [Figure 10(d)]; in the lat-
ter setting, soliton collisions are prevalent, resulting 
in characteristically chaotic oscillation [Figure 10(e)]. 
As the soliton oscillation transitions from periodic to 
chaotic with the lowering of Re, we can observe bifur-
cations as well.

Chaotic circuits have been of pure and applied inter-
est [31]–[33]. On one hand, they represent an easily acces-
sible experimental platform for interrogating chaotic 
behaviors. On the other hand, chaotic circuits have found 
applications in random-number generation [32] and cha-
otic communication [33], [34]. The distinctive merit of the 
NLTL-based chaotic soliton oscillator over traditional 
chaotic circuits is its extremely large bandwidth, if imple-
mented as an integrated circuit (e.g., with GaAs technol-
ogy), which can support picosecond-long soliton pulses. 
Therefore, the chaotic soliton oscillator can be useful for 
broadband private chaotic communication. The simula-
tions in Figure 11, performed by Yildirim, Sun, and Li 
[1, Ch. 11]) show the feasibility of using chaotic soliton 
oscillators for chaotic communication via transmitter–
receiver synchronization.

Other Microwave Solitons Beyond  
the NLTL Solitons
This review article has focused on the KdV soliton 
dynamics supported on the NLTL and their applications 
in microwave engineering. Besides the NLTL, there are 
several other nonlinear dispersive systems that host KdV 
soliton dynamics. As mentioned in the introduction, one 
of the most well-known examples is water, where the 
soliton phenomenon was first discovered. Another KdV 
system example is plasma, where ion acoustic waves are 
particularly well known for their soliton modes; however, 
electron density waves may be able to have soliton modes 
as well. One interesting possibility for microwave appli-
cation, then, is to use the solid-state 2D electron system, 
such as semiconductor quantum wells (e.g., GaAs/AlGaAs 
quantum wells) and graphene, which can propagate 
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The soliton has provided a fascinating 
glimpse into the world of nonlinearity 
for nearly 200 years.
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electron density waves at gigahertz frequencies [35]–[38]. 
Nonlinearity may be obtained with a strong excitation to 
tease the second-order nonlinearity or by combining the 
2D electron systems with distributed varactors. The wave-
length of 2D plasmonic waves can be hundreds of times 
smaller than the wavelength of electromagnetic waves in 
air [35]–[38]; thus, it would be interesting to interrogate 
solitons that are highly confined spatially.

There are other types of solitons besides KdV solitons. 
Two notable examples are spin-wave solitons [39] and opti-
cal solitons [40], both of which are based on the nonlinear 
Schrödinger equation, as opposed to the KdV equation. 
The nonlinear Schrödinger dynamics are highly interest-
ing as well and different from the KdV dynamics in their 
details. However, the nonlinear Schrödinger equation 
still exhibits the key invariant eigenvalue structure, just 
as the KdV equation does. Spin-wave solitons occur in the 

microwave regime, so they provide another opportunity 
for microwave engineering.

Conclusions
The soliton has provided a fascinating glimpse into 
the world of nonlinearity for nearly 200 years. From 
its initial discovery as a solitary wave, to the towering 
development of the inverse scattering method, to its 
application for 500-GHz sampling systems, the soliton 
has offered both a window to the captivating mathe-
matical structure underlying nonlinear physics and a 
practical tool for microwave systems. Recent develop-
ments of stable and chaotic self-sustained soliton oscil-
lators bring new opportunities for understanding and 
leveraging the soliton’s unique properties in micro-
wave engineering. New applications may continue 
to develop, such as energy conversion exploiting the 
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high-energy pulses from the NLTL and soliton-based 
analog computation using protected eigenvalues. All 
of these are a tribute to the profound dynamics of the 
soliton and nonlinear waves.
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