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Digital Acceleration of Correlation-Based Digital
Background Calibration in Pipelined ADCs

Nan Sun and Donhee Ham

Abstract—We present here a general digital method to acceler-
ate correlation-based digital background calibration in pipelined
ADCs. The central task in correlation-based background cali-
bration is the extraction of component mismatch information
from correlated data sequences. Using an explicit frequency
domain analysis, we treat the extraction process as discrete-time
low pass filtering. We then show that a higher-order, variable-
bandwidth filter, while adding minimal digital cost, rapidl y
extracts mismatch information, making calibration 18 times
faster in simulation than the 1st-order, fixed bandwidth filter.
The latter filter functions essentially the same as the currently
widely used extraction algorithm, such as the sequential iterative
algorithm or the signal averager.

Index Terms—Analog-to-digital converter, pipelined analog-to-
digital converter, calibration, discrete-time filter.

I. I NTRODUCTION

CORRELATION-BASED digital background calibration
is being actively studied as a means to mitigate compo-

nent mismatch errors in pipelined ADCs [1]–[8]. Currently,a
marked drawback of correlation-based background calibration
is slow convergence. In [1], a substantially fast convergence
technique was reported, but it was an analog solution.

Here we propose an all-digital fast convergence technique
that can be used in any correlation-based digital background
calibration in pipelined ADCs. Our fast convergence technique
adds no extra analog circuit, and requires minimal extra digital
cost.

The central procedure in correlation-based digital back-
ground calibration is the extraction of component mismatch
information from correlated data sequences. It is this extrac-
tion process that determines convergence time. The mismatch
information extraction process and convergence time problem
have so far been analyzed and tackled mostly in time domain
[1]–[8]: in this approach, the extraction procedure is treated
as a sequential, iterative algorithm [1], [2], or as time-domain
averaging of correlated data sequences [3]–[8].

The same extraction process may be alternatively viewed
as low pass filtering in frequency domain. The starting key
to our fast convergence solution was to take this familiar,
elementary notion to the next step, and to construct an ex-
plicit frequency domain picture of the extraction process.The
concrete frequency domain picture thus formulated allowed
us to transform the convergence problem into a discrete-
time infinite impulse response (IIR) low pass filter (LPF)
design problem. Our fast convergence solution followed. We
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substantially accelerated convergence (18 times in simulations
of a 13-bit pipelined ADC) by using a higher-order, variable
bandwidth IIR LPF instead of the 1st-order, fixed bandwidth
IIR LPF. Here the 1st-order, fixed bandwidth filter, if viewed
in time domain, functions essentially the same as the currently
widely used extraction algorithm, such as the sequential iter-
ative algorithm [1], [2] or the signal averager [3]–[8]. Our
acceleration technique that changes filter order and bandwidth
adds minimal digital cost.

We will now detail the development outlined above. Section
II provides a frequency-domain elucidation of correlation-
based digital background calibration. This provides a foun-
dation for understanding our fast convergence technique in
Section III. Simulations in Section IV confirm the validity
of our technique. Throughout this report we will present our
general technique in the context of capacitor mismatch errors.
Extension to other nonidealities should be straightforward.

II. FREQUENCY DOMAIN ANALYSIS OF

CORRELATION-BASED BACKGROUND CALIBRATION

This section seeks to attain the explicit frequency-domain
picture of the general correlation-based digital background
calibration. It will serve as a foundation for conceptualizing
our fast-convergence technique presented in Section III.

We start with the abstract model of Fig. 1, for the general
correlation-based digital background calibration of capacitor
mismatch errors in pipelined ADCs. Detailed implementations
may vary, but the model of Fig. 1 captures the essence and
is generally applicable. In Fig. 1, the real ADC is separated
to an ideal ADC with no capacitor mismatch, and the explicit
capacitor mismatch,∆. To understand∆ concretely, let us
take an example of typical 1-bit or 1.5-bit-per-stage pipelined
ADCs. In any given stage, the mismatch between a sampling
capacitorC1 and a feedback capacitorC2 may be represented
by ∆ ≡ |C1/C2−1|, and we can think that the model of Fig. 1
is being applied to each stage. Alternatively, we can think of ∆
as what collectively represents the overall capacitor mismatch.

The calibration procedure in Fig. 1 is as follows. First,
the capacitor mismatch∆ is correlated with a causal pseudo-
random signalX [n] (+1 or −1 with equal probability for
n ≥ 0; 0 for n < 0) and this correlation is added to the real
ADC input,Vin[n]. This sum is passed through the ideal ADC.
We denote the pre-calibrated digital output of the ADC as
Dout[n]. As noted in Fig. 1,Dout[n] = Vin[n]+X [n]∆+e[n],
wheree[n] is quantization noise. Now,Dout[n] is correlated
with the same digital pseudo-random signalX [n]. Since
X2[n] = u[n] (u[n] is the unit-step function; due to causality),
we attain∆ ·u[n]+X [n]Vin[n]+X [n]e[n] as the outcome of
the second correlation. We will denote this signal as∆in[n]:
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Fig. 1. Correlation-based digital background calibration.

∆in[n] ≡ ∆ · u[n] + X [n]Vin[n] + X [n]e[n]
∼= ∆ · u[n] + X [n]Vin[n] (1)

Here we have neglectedX [n]e[n], for Vin[n] ≫ e[n] in
any reasonably high resolution application [1].1 ∆in[n] in (1)
bears the capacitor mismatch information,∆, which, however,
is obscured by the additive term,X [n]Vin[n]. The key step
in the entire background calibration is to extract∆ from
∆in[n], by removing the additive term. Once∆ is extracted,
it can be used in a standard digital block to correct capacitor
mismatch errors inDout[n], yielding the desired digital output,
D∗

out[n] = Vin[n] + e[n].
In this model, extracting∆ within a given accuracy from

∆in[n] of (1) requires a certain number of samples (the index
‘n’ needs to run over a certain set of integers), which defines
convergence time. The convergence time depends crucially on
the specific extraction algorithm used. Currently, the sequential
iterative method [1], [2] or certain signal averaging method
[3]–[8] is used, and we in Section III propose a different
method, which is the key to our fast convergence solution
and is the contribution of this work. To understand how the
iterative algorithm or the currently used averaging differs from
our fast-convergence solution, let us first gain a frequency
domain picture of∆in[n] of (1).

The Fourier transform of the first term of (1),∆ · u[n], is:

F{∆ · u[n]} = ∆

[

1

1 − ejω
+

∞
∑

k=−∞

πδ(ω + 2πk)

]

(2)

As for the second termX [n]Vin[n] ≡ Y [n] of (1), since it is a
random process, we calculate its power spectral density (PSD)
to obtain its frequency domain representation. To this end,let
us first denote the autocorrelation function ofX [n], Vin[n]
and Y [n] as RXX [m], RV V [m], and RY Y [m], respectively.
Since X [n] and Vin[n] are independent random processes,
RY Y [m] = RXX [m] · RV V [m]. SupposeX [n] is a pseudo-
random signal with periodT : after timeT , the same pattern
of X [n] is repeated. IfT is large enough,RXX [m] may be

1For a given ADC input,e[n] depends on the value ofX[n], and hencee[n]
andX[n] could be correlated [8]. If the correlation were strong, theomission
of X[n]e[n] should be reexamined, but in practical situations whereVin[n]
is a random signal, the correlation should be negligibly weak.

modeled as:

RXX [m] = E
[

X [n] · X [n + m]
]

∼=
1

2

∞
∑

n=−∞

δ[m − nT ] (3)

whereδ[n] is the discrete-time delta function. This model is
approximately valid, as the correlation ofX [n] andX [n+m]
is approximately2 zero if m is not an integer multiple ofT ,
and it is exactly one half3 if m is an integer multiple ofT and
the two sequences overlap perfectly.

Let us now denote the PSD ofX [n], Vin[n], and Y [n]
as ΦXX(ejω), ΦV V (ejω), and ΦY Y (ejω). Using Wiener-
Khinchin theorem and (3), we obtain:

ΦXX(ejω) = F

{

RXX [m]
}

=
π

T

∞
∑

k=−∞

δ(ω −
2πk

T
), (4)

and, subsequently,

ΦY Y (ejω) = F

{

RXX [m] · RV V [m]
}

=
1

2π

∫ +π

−π

ΦXX(ejθ)ΦV V (ej(ω−θ))dθ

=
1

2T

T

2
∑

k=− T

2

ΦV V (ej(ω− 2πk

T
)) (5)

The frequency domain illustrations of these results are in Fig.
2. ΦV V (ejω) and ΦXX(ejω) are in Fig. 2(a) and Fig. 2(b),
respectively. Equation (5) indicates thatΦY Y (ejω) is the sum
of repeatedly shifted replicas of(1/2T ) · ΦV V (ejω), which
are shown in Fig. 2(c). From this figure, we can predict that
ΦY Y (ejω) will assume a constant value regardless ofω, as
shown in Fig. 2(d). We now confirm this prediction by carrying
out the summation of (5). In any practical correlation-based
digital background calibration,T is large enough so that2π/T
is much smaller than the input signal bandwidth. Therefore,

2The approximate nature originates from the “pseudo”-randomness.
3One half instead of one is the result of causality, i.e.,X[n] = 0 for n < 0.
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Fig. 2. PSDs ofΦV V (ejω), ΦXX(ejω), andΦY Y (ejω).

ΦY Y (ejω) of (5) may be rewritten as

ΦY Y (ejω) ≃
1

2

∫ ω+π

ω−π

ΦV V (ejθ)dθ

=
1

2

∫ π

−π

ΦV V (ejθ)dθ

=
1

2

[

Energy of inputVin[n]
]

(6)

where we have resorted to the fact thatΦV V (ejω) has a period
of 2π in obtaining the second line.

The analysis above leads to a few meaningful interpretations
of the second termY [n] = X [n]Vin[n] of ∆in[n] in (1), for
any practical, large-enough value ofT :

1) ΦY Y (ejω) is not a function of frequency, that is,Y [n] =
Vin[n]X [n] is a discrete-time white noise. See Fig. 2(d).

2) ΦY Y (ejω) is half the input signal energy. Therefore,
an input signalVin[n] with larger energy leads to a
higher white noise floor in Fig. 2(d), making it harder
to extract∆ from ∆in[n] of (1): a longer convergence
time is required to average out the larger noise. This
also explains why foreground calibration is much faster
than background calibration. In foreground calibration,
Vin[n] = 0, and hence the noise floor is zero, so we
need much less time for convergence.

3) The noise floor levelΦY Y (ejω) has no dependence on
T . Increasing pseudo-random signal periodT will not
help reduce noise floor.

Results 1) and 2) above were also insightfully conveyed in
[1], but qualitatively with no explicit Fourier analysis.4 As
we will see shortly, the way we fully utilize these results to
transform the convergence problem into a filter design problem
also differentiates our approach.

Fig. 3 shows the overall frequency domain picture of
∆in[n], by combining the white noise

√

ΦY Y (ejω) and the
mismatch information signalF{∆ · u[n]} of (2). The mis-
match information signal amplitude is equal to the noise
amplitude atω0. Since the noise, directly affected byVin[n],
is rather strong compared to the mismatch information signal,

4The qualitative treatment in [1] led to a misconception thatincreasingT

would reduce noise floor, which is wrong according to Result 3).
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Fig. 3. Frequency-domain representation of∆in[n] of (1). Log scale.

ω0 is quite small. Therefore, in the vicinity ofω0, ω ≪ 1 and
we can modelF{∆ · u[n]} of (2) as a−20 dB/dec line, for
∆/(1 − ejω) ∼= −∆/(jω).

From the analysis above and Fig. 3, we see the function
of ∆-extraction block of Fig. 1 is to extract∆ out of the
noise floor in frequency domain. We have just transformed
the problem of designing a faster∆-extraction block into a
filter design problem. As mentioned earlier, convergence time
is determined by the∆-extraction block. Therefore, attaining
faster convergence within a given calibration accuracy is to
design a discrete-time LPF with a bandwidth high enough to
settle fast (for convergence time) but low enough to reject
much of the white noise (for accuracy). Building on this filter
design notion, we in the next section will explain how our fast
convergence solution works.

But before moving on, we would like to further shed light
on the correctness of the filter picture, by proving that the
sequential iterative method for∆-extraction used in [1], [2] is
equivalent to the 1st-order IIR LPF. The iterative method can
be generally modeled as:

∆∗[n + 1] = ∆∗[n] + ε(∆in[n] − ∆∗[n]) (7)

Here∆∗[n] denotes the estimated capacitor mismatch after the
n-th iteration andε denotes the iteration step size. By plugging
∆in[n] of (1) into the equation above, we obtain

∆∗[n + 1] = ∆∗[n] + ε(∆ − ∆∗[n]) + εX [n]Vin[n] (8)

∆ − ∆∗[n] can be regarded as the correction term of every
iteration, which makes the next iterative value∆∗[n+1] closer
to the real capacitor mismatch∆. If ∆∗[n] < ∆, ∆−∆∗[n] >
0, and a larger∆∗[n+1] results in the next iteration. Similarly,
this algorithm works for∆∗[n] < ∆. Consequently, starting
from an initial value∆[0] = 0, ∆[n] will gradually converge
to ∆. By settingε to be sufficiently small,εX [n]Vin[n] will
eventually appear as a small random perturbation.

The time-domain picture above can be re-examined in
frequency domain. If we consider∆in[n] and ∆∗[n] as the
input and output of the∆-extraction block, by applyingz-
transform to (7), we obtain:

∆∗(z)

∆in(z)
=

ε

z − 1 + ε
(9)

The iterative∆-extraction process is no more than a 1st-order
IIR LPF with passband bandwidthε. The iterative algorithm
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Fig. 4. (a) LPF output noise (normalized to the 1st-order value) vs. LPF
order. The LPF’s bandwidth is fixed. (b) Convergence time (normalized to the
1st-orde value) vs. LPF order. Total LPF output noise energyis fixed.

lets ∆in[n], which contains∆ and the noise term, go through
the 1st-order IIR LPF to extract∆ by filtering out the noise.

The analysis above further supports our picture that the
design of the∆-extraction block is essentially a filter design
problem. From now on, we will treat the∆-extraction block
exclusively as a discrete-time LPF, and will move on to discuss
how we design the LPF to achieve fast convergence.

III. FAST CONVERGENCETECHNIQUE

Based on the frequency domain picture of∆in[n] in Fig. 3,
we clearly see the trade-off in deciding the LPF bandwidth.
If the bandwidth is small, the convergence will be accurate
rejecting more noise, but it will take long for calibration to
converge. If the bandwidth is large, convergence will be fast,
but more noise is filtered in, undermining calibration accuracy.
Convergence time trades off with calibration accuracy via the
bandwidth. In light of this observation, it is easy to appreciate
the disadvantage of the 1st-order LPF (both the iterative
algorithm [1], [2] and the averager [3]–[8]). Filter order has
been fixed and bandwidth is the only design parameter to play
with, and the tradeoff is directly faced. To satisfy a required
accuracy, the LPF bandwidth is set small enough, resulting in a
long convergence time. Such design constraint becomes more
troublesome in high resolution applications where calibration
accuracy requirement is stringent.

Our fast convergence technique is enabled by relaxing
the tradeoff between convergence time and accuracy. This is
achieved by incorporating two features in the discrete-time IIR
LPF, as described in the following two subsections.

A. Higher-Order Discrete-Time IIR LPF

In the iterative extraction algorithm [1], [2] or averaging
algorithm [3]–[8], the effective filter order was fixed to 1. Filter
order, however, is another design parameter one can exploitin
the design of discrete-time IIR LPFs. This we do, and it relaxes
the tradeoff between convergence time and accuracy: as seen
shortly, for a given accuracy, LPFs with order 3 to 5 extract
∆ faster than 1st-order LPFs.

Let us first note that for the same bandwidth a higher-order
LPF rejects more noise, because a higher order corresponds to
a steeper frequency response at the falling edge. This property
is observed in our numerical analysis of a discrete-time filter
in Fig. 4(a): for a fixed bandwidth, as filter order increases,
total noise energy at the LPF output decreases. For example,

Z
-1[  ]nin

Medium BW Counter

Small BW

Z
-1

Z
-1

Z
-1

Large BW

Fig. 5. 3rd-order discrete-time IIR LPF with a variable bandwidth scheme.

total noise energy at the output of a 3rd-order LPF is less than
40% of that of a 1st-order LPF.

Therefore, when the target calibration accuracy is given, that
is, when the LPF output noise energy is specified, a higher-
order LPF can accommodate a wider bandwidth, leading
to faster convergence. This property is seen in our another
numerical analysis of a discrete time filter in Fig. 4(b): for
the fixed LPF output noise energy, as filter order increases
to 3∼5, the bandwidth is increased and the convergence time
is reduced by more than35%, as compared to the 1st-order
LPF. Here the convergence time is defined as the number
of samples required for ENOB to reach within 1 bit of the
ideal value. As the filter order is increased beyond 5, while
bandwidth continues to be increased to maintain the same
output noise energy, the convergence time slightly goes up
because the signal itself is now rejected quite noticeably while
the bandwidth increase is not as substantial as in the lower
order cases. Hence an optimal filter order would be 3∼5.

Increasing digital filter order to 3∼5 incurs minimum digital
cost: see Fig. 5 for the 3rd-order IIR LPF. A higher order filter
will not cause instability, for the calibration in Fig. 1 is done
in an open loop.

B. Bandwidth Switching in the Discrete-Time IIR LPF

In the foregoing subsection, introducing the filter order
as another design parameter relaxed the tradeoff between
convergence time and accuracy: a higher order decreased
convergence time for a given accuracy. Now we introduce
another way of relaxing the tradeoff, use of a larger bandwidth
during the initial calibration transient and a smaller bandwidth
near and during the final convergence (steady-state).

This variable bandwidth technique is based on the notion
that convergence speed matters only during transient, while
convergence accuracy matters only during steady state. During
the initial calibration phase, in order to achieve faster con-
vergence, a larger bandwidth is used. Although more noise
is filtered in due to the larger bandwidth, during this early
phase of calibration, accuracy is no concern. As convergence
is approached, bandwidth is switched to a smaller value to
reduce steady-state convergence errors. By using this adaptive
bandwidth scheme, we circumvent the tradeoff, substantially
reducing convergence time for a given accuracy.

Similar variable bandwidth schemes are widely used in other
types of circuits, notably, in the design of phase-locked loops
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Fig. 6. Simulated convergence transients for a 13-bit pipelined ADC, for varying LPF bandwidths and orders.

[9], [10]. We later found a limited number of publications in
which the variable bandwidth scheme was also used for digital
background calibration of ADCs [11]–[13]. This report laysa
foundation of the technique, viewing it from the systematic
frequency-domain angle.

The bandwidth switching can be implemented at low cost
in discrete-time filters by altering multiplication coefficients,
as shown in Fig. 5 for a 3rd-order LPF example. The rest
extra cost is simple combinational logic gates and a counter
to determine bandwidth switching times.

IV. SIMULATION

Our fast convergence technique can be applied to any
correlation-based background calibration in pipelined ADCs.
To demonstrate the validity of our technique, we apply it to
our newly proposed correlation-based background calibration
[14]. A 13-bit pipelined ADC consisting of12 1.5-bit stages
is used. Behavioral simulations are carried out in MATLAB
assuming random capacitor mismatch (σ = 0.5%) in each
stage. First4 stages are calibrated in parallel using the same
calibration technique of [14]. Each of the 4 stages has its own
IIR LPF and pseudo-random number generator, whose period
T is 214. The input signal is a random signal with full swing.

Fig. 6 shows simulated convergence transients with vary-
ing orders and bandwidths of the IIR LPF. The order and
bandwidth of the LPF for Fig. 6(a) are1 and 3.2 × 10−10,
respectively, and the convergence time (as stated earlier,we
define convergence time as the number of samples needed for
ENOB to reach within 1 bit of the ideal value) is7.2 × 109.
The order of the LPF for Fig. 6(b) is3, and to keep the same
output noise energy (same accuracy) as in the 1st-order LPF,
the bandwidth is increased to9.3× 10−10. Convergence time
is accordingly reduced to5.2 × 109, enhancing convergence
speed by 1.4 times, as compared to the 1st-order LPF.

The order of the LPF for Fig. 6(c) is3. We here apply
the variable bandwidth scheme. The bandwidth is1.5× 10−8

when the number of input samples is less than4× 108, and it
is switched to3.7 × 10−9 afterwards, and finally switched to
9.3×10−10 after the number of input samples reaches8×108.
The initial bandwidth is much larger than the case of Fig. 6(a),
but the final, reduced bandwidth is such that the output noise
energy in the final calibration stage is the same as in the case
of Fig. 6(a). The convergence time is3.9× 108: for the given
accuracy, our technique combining a higher-order LPF with

the variable bandwidth scheme speeds up convergence by 18
times, in comparison to the 1st-order, fixed-bandwidth LPF,
which shares the same characteristics with the currently used
extraction algorithms [1]–[8]). This attests to the validity of the
proposed technique. The bandwidth values and their switching
times used here are for proof of concept: they can be further
optimized for even faster convergence.

V. CONCLUSION

The digital fast-convergence technique presented here as a
low cost means of accelerating correlation-based background
calibration was enabled by a change of view on the mismatch
information extraction process (central step in correlation-
based digital background calibration) from time-domain to
frequency-domain angle. This paved a way to treat the de-
sign of the mismatch extraction algorithm as a filter design
problem. Subsequently, designing a higher-order filter incor-
porating a variable bandwidth scheme led to fast convergence.
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